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We apply an effective field theory method for the gravitational interaction of compact stars,
developed within the context of general relativity, to Newtonian gravity. In this effective theory a
compact object is represented by a point particle possessing generic gravitational multipole moments.
The time evolution of the multipoles depends on excitations due to external fields. This can formally
be described by a response function of the multipoles to applied fields. The poles of this response
correspond to the normal oscillation modes of the star. This gives rise to resonances between
modes and tidal forces in binary systems. The connection to the standard formalism for tidal
interactions and resonances in Newtonian gravity is worked out. Our approach can be applied to
more complicated situations. In particular, a generalization to general relativity is possible.
PACS numbers: 04.25.-g,04.40.Dg, 97.60.Jd, 11.10.Gh
I. INTRODUCTION
The Newtonian description of gravitating systems was
formulated in the 17th century and is nowadays part of
most classical mechanics textbooks. Remarkably enough,
it is still possible to understand new facets of this model.
At the same time, Newton’s formulation of gravity is
mathematically simple and allows straightforward ana-
lytic treatment. In particular, the Poisson equation ad-
mits a well understood Green function solution. This is
why the Newtonian theory is also a good starting point
to investigate some fundamental aspects of general rela-
tivity.
One of these aspects, among many others, is tidal in-
teraction in a binary system. In the beginning of the last
century, A. E. H. Love introduced two numbers named
after him in order to characterize the shape change of
the Earth due to an external tidal potential [1]. A third
Love number was introduced later by Shida [2]. These
numbers essentially encode the mass redistribution of a
planet due to tidal forces, including those generated by
the tidal bulges themselves. A tide-generating potential
arises, for example, in binary systems, such as binary
stars or a planet and its satellite, e.g., the Earth and the
moon. The latter example comprises ocean tides, which
motivated the first studies of the subject and its nam-
ing. Tidal forces also play a crucial role for the concept
of local inertial frames in general relativity. Despite this
close interrelation between tidal interaction and general
relativity, a relativistic definition of Love numbers was
worked out only a century after its Newtonian counter-
part [3–5]; see also Refs. [6, 7]. It should be emphasized
∗ Corresponding author: jan.steinhoff@ist.utl.pt
that modeling tidal interactions through constant Love
numbers assumes a slowly (adiabatically) varying tidal
field.
On another hand, binary systems possess a typical fre-
quency due to the revolution of the bodies around each
other. In some situations, particularly for binary stars,
the orbital frequency can become comparable to the nor-
mal oscillation frequencies of one of the binary’s compo-
nents. Therefore, a resonance can take place, possibly
leading to large energy and angular momentum trans-
fers. The analytic framework to treat dynamical (time-
dependent) tidal interactions in Newtonian gravity goes
back to Press and Teukolsky [8]. Though they focus on
tidal capture as an application, resonances in bound bi-
naries can be treated as well. Tidal heating, tidal disrup-
tion, and tidal locking are other astrophysically impor-
tant effects belonging into this domain, see, e.g., Refs.
[9–12]. A more complete list of references for generic bi-
naries is given in, e.g., Refs. [13, 14]. Also, resonances in
neutron star binaries have been considered using these
methods [10, 14–20], though one should be careful to
draw final conclusions from such investigations, as gen-
eral relativistic corrections can be large in this case.
Our motivation is indeed to improve the situation for
neutron star binaries by formulating a general model for
time-dependent tides in general relativity. But the prob-
lem is highly nontrivial due to the nonlinear nature of
general relativity. Here we focus on the Newtonian for-
mulation of the problem instead, because it is described
in terms of simple functions, and most of the technical
difficulties of the relativistic case are avoided. Though
excellent formalisms for dynamical tidal interactions al-
ready exist [8, 13, 21], we devise yet another formalism
based on quantities that allow a general relativistic gen-
eralization. Our reformulation is thus also interesting in
its own right. For instance, it can turn out to be advanta-
2geous for more complicated situations in the Newtonian
regime, too, e.g., when nonlinear tidal perturbations and
mode coupling are considered (see Refs. [22, 23] for recent
investigations on neutron stars). The relativistic case is
presented in another publication [24].
Our method relies on an effective field theory approach
to gravitational interaction of compact objects in classi-
cal general relativity [25], which is cut down to the New-
tonian case for the present work. The principle is to effec-
tively represent a compact source, with all its potentially
complicated internal dynamics, by a point-particle source
decorated by multipolar degrees of freedom [25–27]. The
dynamics of these multipoles can be encoded through
a response function to external gravitational fields [26].
The game is then to match the gravitational field of the
effective source to the gravitational field of the actual
compact object, which fixes the response. The response
function, which is in fact the retarded propagator of
the multipolar degrees of freedom, then encodes all the
(macroscopically relevant) time-dependent internal dy-
namics. The advantage is that it is sufficient, at least in
linear perturbation theory, to know the gravitational field
of a single perturbed compact object in order to make pre-
dictions about a gravitationally interacting many-body
system. These predictions can be derived from the ef-
fective theory, e.g., with the help of diagrammatic tech-
niques developed for quantum field theory (Feynman di-
agrams), see Refs. [25, 28] and references therein for the
case of relativistic gravitational interaction.
The normal oscillation modes of a compact object play
a crucial role in our approach. A compact configuration
can possess a series of normal modes, and each mode can
be excited by an external field of the appropriate fre-
quency. Indeed, the mode frequencies maximize the re-
sponse to external perturbations, similar to a forced oscil-
lator. In fact, the multipolar degrees of freedom turn out
to be sums of these forced oscillators. From this point
of view, multipoles are composite, and the fundamen-
tal composing quantities are the deformation amplitude
modes (this will be detailed later). All this treatment can
be carried out explicitly; i.e., an analytic expression for
the response function can be given in terms of oscillation
mode frequencies and overlap integrals, which are defined
in the standard approach [8, 13, 21]. But the concepts of
effective action, response functions/propagators, match-
ing, and perturbations of single compact objects can be
generalized to the general relativistic case [24], which is
less obvious for some elements of the standard formal-
ism. As we work with an effective action here, it is most
natural to make connections to the standard approach
through the variational principle in Ref. [21], which was
developed to describe mode resonances in binary white
dwarfs systems [29, 30].
Resonances between oscillation modes and orbital mo-
tion can also be interesting for future gravitational wave
astronomy, in particular for binaries comprising neutron
stars. Past investigations suggest that these resonances
are likely not detectable through gravitational waves us-
ing observatories currently under construction [16, 31].
However, it should be stressed again that such an anal-
ysis did not model the internal dynamics entirely within
general relativity. In fact, numerical relativity simula-
tions suggest that resonances can even be driven into the
nonlinear regime in certain cases (eccentric orbits) and
thus contribute substantially to gravitational waves [32].
Of course, tidal interactions are important during the in-
spiral also away from a resonance, and they can encode
important information on the nuclear equation of state in
the gravitational wave signal, which is supported by both
analytic models [33–35] and numerical relativity [36–39].
Also, the merger of binary neutron stars [40] and the
details of the tidal disruption in mixed (neutron star –
black hole) binaries [41–46] allows crucial statements on
the equation of state. Furthermore, resonances can have
other observable effects in neutron star binaries besides
gravitational waves. It was suggested in Ref. [47] that os-
cillations powered by a resonance can be strong enough
to shatter the neutron star crust. This could explain pre-
cursor flares in short gamma ray bursts, with the main
burst produced by the merger of the binary. Similar vio-
lent processes may be observable in the electromagnetic
spectrum if instabilities develop. Indeed, some oscillation
modes—including the f-mode—of rotating neutron stars
can become unstable [48].
In spite of these interesting prospects, an entirely sat-
isfactory analytical tidal interaction model incorporating
a general relativistic internal dynamics is still missing.
So far resonances could only be accounted for by inves-
tigating a point mass orbiting the star; see Refs. [49–52]
and also Ref. [53] for the black hole case. In between a
fully relativistic and a Newtonian treatment is a post-
Newtonian approximation of the internal dynamics. A
corresponding formalism was developed in Refs. [54–57]
and further elaborated in Refs. [19, 58]. The first post-
Newtonian approximation was applied to binary neu-
tron stars in Refs. [59–61]. Another good dynamical
model was developed around the Newtonian limit in Refs.
[62, 63]. Still, it would be optimal to find the descrip-
tion of tidal interaction based on quantities derived from
perturbation theory around nonlinear background solu-
tions. So far this succeeded only for the definition of
relativistic Love numbers [3–5, 64], which represent the
adiabatic limit of the tidal response. (Tidal coefficients
beyond the adiabatic case were formally introduced in
Refs. [65].) Further, relativistic perturbation theory was
used to study absorptive effects of black holes in tidal
fields; see Refs. [66–71] and references therein.
In this paper, we start in Sec. II by reviewing and
motivating the effective field theory approach in general
relativity and argue that the same formalism applies in
the Newtonian theory. We explain in detail how the tidal
interaction can be encoded using time-dependent multi-
polar degrees of freedom and work out the connection to
tidal coefficients and absorption coefficients. Section III
reviews a variational principle for perturbations of a grav-
itating system in the Newtonian theory. We improve on
3previous presentations by performing all transformations
at the level of the action. Section IV discusses some use-
ful tools, such as the symmetric trace-free (STF) tensor
formalism, which is useful for the present work. Next,
we show how to cast stellar perturbations in an effec-
tive theory formulation in Sec. V and show how to read
off the overlap integrals from the external field of a per-
turbed Newtonian star (which generalizes to the relativis-
tic case and thus defines relativistic overlap “integrals”
[24]). Subsequently, we extract the full time-dependent
dynamics of the quadrupolar degrees of freedom in Sec.
VI by analyzing the perturbation field of a single compact
object. We adapt the matching to a numerical setup in
Sec. VII and illustrate our results with a simple (analytic)
background solution corresponding to a particular poly-
tropic star. Section VIII discusses the conclusions and
outlook. Finally, the Appendix provides more details on
some mathematical aspects of our results.
Our conventions are the following. Greek indices refer
to 4-dimensional spacetime, while lowercase Latin indices
denote spatial components. (But sometimes l and m are
used for angular momentum quantum numbers, which
should be obvious from the context.) Uppercase Latin in-
dices are multi-indices of spatial components. Einstein’s
summation convention is applied to these types of in-
dices. Our sign convention for the metric gµν is taken to
be (−,+,+,+) and the Riemann tensor is
Rµνδσ = Γ
µ
νσ,δ −Γµνδ,σ +ΓµλδΓλνσ −ΓµλσΓλνδ, (1.1)
where Γµνσ is the Christoffel symbol. We use units such
that the speed of light is c = 1. The Newton constant is
denoted G.
II. EFFECTIVE ACTION
The goal of this paper is to apply the ideas of effec-
tive field theory developed in general relativity to the
Newtonian theory of gravity. In fact, we find later on
that the nonrelativistic limit of the effective action and
an action derived for perturbations in pure Newtonian
gravity are essentially equivalent. This should of course
be the case if the effective action is constructed from the
correct symmetries. We first discuss various forms of ef-
fective actions for tidal interactions (and their relations)
in the relativistic case, since the discussion is essentially
the same in the nonrelativistic case. Afterward, we de-
termine the Newtonian limit and construct interaction
potentials.
A. Effective field theory in gravity
Some of the most important sources of gravitational
waves are the inspiral, merger, and ringdown phases of
compact objects in NS-NS, NS-BH, or BH-BH binaries,
where NS stands for neutron star and BH for black hole.
These waves will contain important information about
the compact object. Such binary systems exhibit a num-
ber of different length scales, for example, the size of the
compact objects, the orbital radius, and the wavelength
of the emitted radiation. On general grounds, attacking
a two-body problem in general relativity needs numeri-
cal methods. However, there exist certain regimes with
a clear separation of length scales, and one can track the
problem analytically using approximate methods. For
instance, the post-Newtonian expansion or the extreme
mass ratio inspiral limits are two such cases. These two
methods are efficient in a certain regime but break down
above some limits.
There exists a systematic way to account for effects
that arise at different length scales, which is the effec-
tive field theory approach; see, e.g., Refs. [72–74] for re-
views. These methods are often associated with quan-
tum theory, and in fact the first application to the non-
relativistic limit of gravity [75] was focused on quantum
corrections. Nevertheless, the methods are very useful
for astrophysical binaries and their gravitational waves
in classical gravity, too, which was put forward in Refs.
[25, 76, 77]. In this situation, the compact object is de-
scribed by a worldline action which includes all the possi-
ble terms consistent with the diffeomorphism invariance
of general relativity [and eventually symmetries inherited
from the single unperturbed object, like SO(3) rotational
invariance]. The method is particularly helpful to sys-
tematically account for tidal and other finite size effects,
which become important in some regime, e.g., the late
inspiral stage of a compact binary system. The effective
action in Refs. [25, 27] can be used to find the point parti-
cle description of nondissipative finite size effects and can
be extended in order to include dissipation [26]. In the
latter case, the gravitational multipoles enter the action
as worldline degrees of freedom, for which the dynamics
is encoded in a propagator or response function. This
manifestly covariant extension of the point-mass action
is adopted as a model for extended objects here.
Two approaches to effective theories can be contrasted
[72]: A Wilsonian approach of integrating out short-scale
physics from a full theory and a continuum effective field
theory approach, where the form of the effective action
is first constructed by hand (e.g., using symmetries) and
afterward specialized by a matching to the full theory.
The latter method is usually much simpler. However,
the setting of the present work is simple enough to follow
an approach along the lines of Wilson’s ideas, too. This
is elaborated in Sec. V. An analytic matching to the full
theory (variational fluid dynamics) in the spirit of con-
tinuum effective theories is discussed in Sec. VI. Next,
we discuss in Sec. VII a matching procedure to solutions
of the full theory obtained numerically. This in an im-
portant shift in paradigm, as many complicated systems
cannot be treated analytically, but numeric simulations
are usually possible. This includes stars with more com-
plicated (realistic) internal structure and nonlinear per-
turbations. Not surprisingly, the numeric matching is the
4approach followed for neutron stars in the general rela-
tivistic generalization of our work [24], while the black
hole case still allows analytic treatment.
The more standard method to handle different scales
in classical general relativity is the matched asymptotic
expansion; see Refs. [78, 79] and references therein. For a
comparison of matched asymptotic expansion and match-
ing in effective field theory, see Ref. [80]. Another aspect
of the effective field theory approach in [25] is the con-
sequent formulation of perturbative calculations through
Feynman diagrams. However, diagrammatic approaches
were used in classical gravity before, see [28] and refer-
ences therein. Effective worldline actions as a model for
finite size effects were first discussed in the context of
scalar-tensor theories of gravity [81], since they are po-
tentially more relevant in this class of alternative theories
compared to the general relativistic case.
B. Action for dynamical multipoles
In the following, we intend to illustrate the usefulness
of the effective action in Ref. [26] in the context of tidal
interactions. We simply start with the action constructed
in Ref. [26].
Introducing a dynamical quadrupole degree of freedom
in the form of a STF tensor Qab, the point-particle (PP)
worldline action proposed in Ref. [26] reads
SPP =
∫
dτ
[
−m− 1
2
EabQ
ab + . . .
]
, (2.1)
where m is a constant mass parameter, Eµν is the elec-
tric part of the Weyl tensor Cµρνσ , Eµν = Cµρνσu
ρuσ,
and uµ is the 4-velocity with respect to the proper time
τ . (In vacuum, Cµρνσ = Rµρνσ holds.) Eµν is evaluated
at the position of the object. In this section, Latin in-
dices denote spatial components of the comoving frame
in a local Cartesian basis. The dots denote higher multi-
pole corrections as well as magnetic-type multipoles. For
the sake of simplicity, we restrict to interactions of the
mass quadrupole Qab for now, which can be classified as
electric type.
Within the approach proposed in Ref. [26], the dy-
namics of Qab is introduced via its two-point function,
or propagator, which is obtained from a matching proce-
dure in the frequency regime of interest. This provides a
model for the quadrupole, which is required in order to
complete the description of the system. As the outcome
of the matching is yet unknown, the complete effective ac-
tion including the quadrupole dynamics cannot be given
explicitly. However, if we restrict to linear tidal effects,
the pure quadrupole part of the action can always be
written in terms of an invertible Hermitian linear opera-
tor Oabcd in the form
SQ = −1
2
∫
dτ QabOabcdQcd. (2.2)
The complete effective action for the compact object in-
cluding the mass quadrupole finally reads
Seff = SQ + SPP. (2.3)
C. Quadrupole response
As Qab is assumed to be a dynamical variable here, its
equation of motion follows from Seff as
OabcdQcd = −1
2
Eab(τ), (2.4)
where we used that Oabcd should be Hermitian. If this
is not the case, then one must complete the quadrupole
model by giving its equation of motion (2.4) instead of
an action SQ. The formal solution to Eq. (2.4) is given
by
Qab(τ) = −1
2
∫
dτ ′ F abcd(τ, τ
′)Ecd(τ ′), (2.5)
where F is a Green function or propagator of the operator
Oabcd. One can make the ansatz
F abcd(τ, τ
′) = F (τ − τ ′)δˆabcd, (2.6)
where δˆabcd is the STF projector of the form
δˆabcd =
1
2
(δacδ
b
d + δ
a
dδ
b
c)− 1
3
δabδcd. (2.7)
We require that F abcd(τ, τ
′) = 0 if τ ′ > τ , so we con-
sider the retarded Green function. Then, F abcd(τ, τ
′)
provides the response function of the quadrupole under
external gravitational forces. This solution implements
the boundary condition that the quadrupole vanishes in
the absence of external forces and for τ → −∞.
It is often useful to consider the response functions in
the frequency domain. In particular, one can make fur-
ther transformations of the effective action by expand-
ing around small frequencies ω. Our convention for the
Fourier transform from time to frequency domain is
F˜ (ω) = F(F ) =
∫
dτ F (τ)e−iωτ , (2.8)
F (τ) = F−1(F˜ ) = 1
2pi
∫
dω F˜ (ω)eiωτ , (2.9)
where F denotes the Fourier transformation operator and
F−1 its inverse. Note that we use a tilde to denote
Fourier transformed quantities. In the frequency domain,
the formal solution for the quadrupole (2.5) reads
Q˜ab = −1
2
F˜ (ω)E˜ab. (2.10)
5D. Relativistic Love numbers
In this section, we make contact between certain Love
numbers and the small frequency regime of the response
function. In fact, we will eliminate (integrate out) the
quadrupole degrees of freedom from the action. Inserting
the formal solution (2.10) into Eqs. (2.1) and (2.2), we
find that the action turns into
Seff =
∫
dτ
[
−m+ 1
8
F−1(F˜ E˜ab)Eab + . . .
]
. (2.11)
The connection to the relativistic Love numbers and
other constants defined in previous literature [3–5, 65]
becomes apparent if we Taylor-expand the response
F˜ (ω) = 2µ2 + iλω + 2µ
′
2ω
2 +O(ω3), (2.12)
and explicitly perform the inverse Fourier transform in
Eq. (2.11). The λ-term is related to absorption [26]. In
this case, the action (2.11) reduces to
Seff =
∫
dτ
[
−m+ µ2
4
EabE
ab +
µ′2
4
E˙abE˙
ab + . . .
]
.
(2.13)
The contribution from λ formally turns into a total
derivative and drops out. Indeed, insertions of solutions
of equations of motion into action principles project onto
the time-symmetric part of the dynamics [82], and there-
fore one must handle dissipative effects more carefully.
(In Ref. [82], a classical variant of the closed time path
formalism of quantum field theory was developed for this
purpose.) Here, µ2 is the relativistic tidal Love number
[3–5], and µ′2 represents the tidal response of the neutron
star beyond the adiabatic approximation [65]. It should
be noted that µ2 and µ
′
2 are in fact defined by an effec-
tive action of the form (2.13) and should be determined
numerically through a matching procedure, just like F˜
(this has not yet been undertaken for µ′2).
From a historical perspective, the Love numbers of
the first and second kind were introduced in Ref. [1] in
the context of tides on Earth. These are dimensionless
numbers describing the response of the tidal deforma-
tion (first Love number or shape Love number) and tidal
potential (second Love number) of an elastic body. In
general relativity, there exist electric-type (kl), magnetic-
type (jl), and shape (hl) Love numbers. The shape and
electric-type Love numbers are directly analogous to the
first and second Newtonian Love numbers. The relation
to µ2 is given by k2 = 3µ2G/2R
5, where R is the radius
of the star. (The subscript 2 in µ2 denotes l = 2 multipo-
lar contribution and not the second Love number.) The
magnetic-type Love numbers in general relativity were
first introduced in Ref. [55]. The relativistic shape Love
numbers were considered in Ref. [4] for neutron stars and
in Refs. [83, 84] for black holes.
E. Newtonian limit
Finally, for our purpose, we give here the nonrelativis-
tic limit of the effective action (2.1). First, we note that
Eab ≈ ∂a∂bΦ, (2.14)
in the Newtonian limit, where Φ is the Newtonian grav-
itational potential. This is obtained from evaluating the
electric part of the Weyl tensor to linear order in the
potential with the metric
ds2 = −
(
1 +
2Φ
c2
)
c2dt2 +
(
1 +
2Φ
c2
)−1
dr2
+r2dΩ2 +O
(
1
c
)3
, (2.15)
where xa = (r, θ, ϕ) and Φ is the Newtonian potential.
The speed of light c is introduced as a bookkeeping pa-
rameter here and can be removed at the end of the cal-
culation. The Newtonian limit of Eab is then obtained
straightforwardly by expanding around large c.
Next, the proper time is related to the Newtonian ab-
solute time by
dτ = dt
√−gµνuµuν ≈ dt√1 + 2Φ− z˙2, (2.16)
where t is the absolute Newtonian time and z is the lo-
cation of the star. Finally, the Newtonian limit of Eq.
(2.1) leads to the effective Newtonian action
SPP ≈
∫
dt
[
−m+ 1
2
mz˙2 −mΦ− 1
2
Qab∂a∂bΦ+ . . .
]
.
(2.17)
F. Potentials
We are going to illustrate how the effective action can
be applied to the binary problem and explain the advan-
tages. Effects due to the internal structure just enter via
the quadrupole here. For simplicity, we assume that the
particle described by Eq. 2.17) moves in a fixed gravita-
tional field of a (heavy) point mass mheavy located at the
coordinate origin,
Φ = −Gmheavy
r
, (2.18)
where r = |x|. Insertion into the quadrupole interaction
in Eq. (2.17) leads to the monopole-quadrupole interac-
tion potential
Vmono-quad = −3Gmheavy
2|z|3 Q
ab
n
a
n
b, (2.19)
where na is the unit vector pointing toward the
quadrupole particle. Notice that the derivation is rather
simple. Further, the gravitational interaction and the in-
ternal dynamics are logically separated. This can be very
6advantageous for model building, particularly in compli-
cated situations.
The derivation of Eq. (2.19) is formally valid for large
mheavy only since we omit backreactions. However, the
result is actually correct for generic binaries. In general,
each body is represented by a copy of Eq. (2.17),
Sbinary = SPP1 + SPP2 + SΦ, (2.20)
where the gravitational action is given by
SΦ =
1
8piG
∫
dt d3xΦ∆Φ. (2.21)
Insertion of the solution for Φ in fact leads to the same re-
sult (2.19) for the monopole-quadrupole potential. This
requires us to drop singular self-interactions, as Φ is sin-
gular at the position of each particle now. An extension
of the potential to the first post-Newtonian approxima-
tion to general relativity can be found in Ref. [85].
In effective field theory parlance, we have in fact just
“integrated out” the gravitational field Φ, and we will
occasionally make use of this phrase. Indeed, on a clas-
sical level, integrating out a field translates to obtaining
its field equations from the action, solving them, and in-
serting the solution back into the action (also into the
pure-field part SΦ). The combinatorial aspect suggests
to elegantly organize the computation in a diagrammatic
manner a` la Feynman, in particular in a perturbative
context.
III. ACTION FOR STELLAR PERTURBATIONS
In this section, we briefly review the variational treat-
ment of linear perturbations in Newtonian gravity and
cast it into the form needed for our investigation. This
will be the starting point for the derivation of the effective
action later on. Variational principles for nonradial stel-
lar oscillations in the Newtonian context were discussed
in previous literature [86, 87] and subsequently extended
to tidal excitations in binary systems [21].
In the following, we refer to linear stellar perturba-
tions as the “full theory.” This is inaccurate in at least
two aspects. First, linear perturbations are just an ap-
proximation to generic perturbations, which can usually
only be tackled by 3-dimensional numerical simulations.
Second, on a more fundamental level, a fluid description
for stars is just an approximation, too. Fluids can be
thought of as an effective theory for atomic or subatomic
particles, which themselves may be described by an ef-
fective theory of an even more fundamental theory, and
so forth and so on. This is the effective field theory view-
point of physical model building, namely through a tower
of effective theories.
A. Variational principle for perturbations
We consider a gravitating ideal fluid configuration de-
scribed by the following quantities: the velocity field u of
the fluid elements, usual thermodynamic variables, like
mass density ρ, pressure P , and equations of state relat-
ing them. But we disregard temperature here, which is
a good approximation for neutron stars. We analyze the
system in a perturbative setting, starting from a back-
ground configuration denoted by an index 0, a first per-
turbation denoted by an index 1, and so forth and so
on.
For the background, we take a static nonrotating
(spherically symmetric) star in equilibrium, and we re-
strict to first order perturbations here. Then, the unper-
turbed fluid velocity vanishes, u0 = 0. The other back-
ground variables are functions of the radial coordinate r
only and determined by
P ′0 = −ρ0Φ′0, (3.1)
∆Φ0 =
1
r2
d(r2Φ′0)
dr
= 4piGρ0, (3.2)
where ′ = d/dr. Notice that these are just the equation of
hydrostatic equilibrium and the Newtonian field equation
for spherically symmetric configurations. Together with
a barotropic equation of state P = P (ρ), the system of
equations is closed. In the following, the background
variables are not varied in the action principle but are
considered as functions of r given by the solution to this
system of equations. Except in simple cases, the solution
is obtained from numeric integration.
The fundamental variable of stellar perturbations is
the displacement vector field ξ of the fluid elements. If
x
′ denotes the position of a fluid element in the per-
turbed star and x denotes the same in the unperturbed
background, then the physical displacement is ξ = x′−x.
The perturbation variables can be expressed in terms of
the displacement as
u1 = ξ˙, (3.3)
ρ1 = −∇ · (ρ0ξ), (3.4)
P1 = c
2
sρ1, (3.5)
where cs is the (unperturbed) adiabatic speed of sound
given by c2s = dP0/dρ0. Notice that Eq. (3.4) follows from
an integration of the continuity equation ρ˙+∇· (ρu) = 0
(conservation of mass) together with ρ˙0 = 0 = u0. We
further assume that the perturbation is caused by some
external mass density ρext = ρext1 , which can represent
another close-by star.
The Lagrangian of the “full theory” (stellar pertur-
bations) can now be written as a sum of gravitational,
kinetic, star’s interior, and coupling parts,
Lfull = LΦ1 + Lkin + Lstar + Lcoupl, (3.6)
where
LΦ1 =
1
8piG
∫
d3xΦ1∆Φ1, Lkin =
1
2
mz˙2, (3.7)
7Lstar =
∫
d3x
[
1
2
ρ0ξ˙
2
COM − (ρE)2 − ρ0ξ · (∇Φ1 + z¨)
]
,
(3.8)
Lcoupl = −
∫
d3x ρext(Φ0 +Φ1), (3.9)
and E is the specific internal energy. The second-order
perturbation of the internal energy ρE(ρ) is given by
(ρE)2 ≈ ρ1 dE0
dρ0
ρ1 +
1
2
ρ0
d2E0
dρ20
ρ21 =
c2s
2ρ0
ρ21. (3.10)
Remember that the first law of thermodynamics reads
dE = −Pdρ−1 in our case. Also notice that in order
to obtain the first-order perturbation equations, some
second-order contributions must be included in the La-
grangian (but ρ2 may be omitted). At this point, the dy-
namical variables are z, ξ, and Φ1. Here, z is the center of
mass (COM) of the background solution. The subscript
on ξ˙COM indicates that the time derivative is taken in
center-of-mass frame. As no further time derivatives of
fields are present, we assume that all volume integrals are
performed in this frame from now on. Then, the back-
ground fields are spherically symmetric around the origin
of integration x = 0.
A derivation of Lstar starting from variational fluid dy-
namics can be obtained by essentially following Ref. [21]
and is therefore not repeated here. This derivation as-
sumes a potential for the fluid velocity and a homentropic
flow. One can translate Ref. [21, Eqs. (17), (18), and (19)]
to our formulation by making use of the background solu-
tions and expressing the perturbation variables in terms
of ξ. However, the contributions to Lstar have simple in-
terpretations. The first term is just the kinetic energy
of the perturbation. The second term comes from the
change of the internal energy [(ρE)1 is canceled by inser-
tion of the background solutions]. Finally, the last term
is the coupling of the perturbation to gravitation and to
the fictitious force due to the overall acceleration z¨ of the
star.
In the following, we are actually not going to substitute
ρext by another compact object. Instead, we view it as an
external “current,” similar as for generating functionals
in quantum field theory. The important observation is
that
Φ = Φ0 +Φ1 = −δLfull
δρext
. (3.11)
This enables us to recover the gravitational field from the
Lagrangian even after it was integrated out.
B. Normal modes
To define the normal oscillation modes of the star, we
need to integrate out the gravitational field perturbation.
The formal solution to its field equation reads
Φ1 = 4piG∆
−1 [ρ1 + ρext] , (3.12)
where the inverse Laplacian ∆−1 is defined for usual
boundary conditions at spatial infinity. After insertion
into the Lagrangian, we reorder the Lagrangian into nor-
mal mode (NM), interaction, and pure external parts
(keeping only the kinetic part untouched),
Lfull = Lkin + LNM + Lint + Lext, (3.13)
where
LNM =
∫
d3x
ρ0
2
[
ξ˙
2
COM − ξ · Dξ
]
, (3.14)
Lint = −
∫
d3x [ρ0Φext + ρ1(Φext + x · z¨)], (3.15)
Lext = −1
2
∫
d3x ρextΦext, (3.16)
with the abbreviation Φext = 4piG∆
−1ρext and the linear
(nonlocal, integro-differential) operator D defined by
Dξ = −∇
{[
c2s
ρ0
+ 4piG∆−1
]
∇ · (ρ0ξ)
}
. (3.17)
It is easy to see that D is Hermitian with respect to
the compact integration measure dm0 = ρ0d
3x, which
was first recognized by Chandrasekhar [86]. This fact
guarantees that it possesses a complete set of eigenfunc-
tions ξNMnlm with real eigenvalues ω
2
nl,
DξNMnlm = ω2nlξNMnlm, (3.18)
which are orthogonal and can be normalized,∫
d3x ρ0ξ
NM †
n′l′mξ
NM
nlm = δn′nδl′lδm′m. (3.19)
This normalization is convenient for calculations but im-
plies unusual units for ξNMnlm.
This defines the normal modes of the star. The modes
are discrete due to the compact integration measure. As
D respects rotational symmetry (in the center-of-mass
system), one can label the normal modes by the usual an-
gular momentum “quantum” numbers l and m. (When
m is not used as an index, it always refers to the mass.) In
particular, the perturbation quantities can be expanded
over the relevant (scalar, vector,...) spherical harmonics
and inherit the associated angular symmetries. Notice
that ωnl is independent of m. The label n denotes the
radial structure of the modes. Usually these are given as
a letter (f , p, g, etc), labeling a general class to which the
modes belong by considering the primary restoring mech-
anism (corresponding to fundamental, pressure, gravity
modes), together with a number counting its radial nodes
(analogous to the overtone number for a vibrating string).
C. Amplitude formulation
A general physical displacement ξ can now be decom-
posed into a sum of discrete normal modes ξNMnlm with
8corresponding time-dependent amplitudes Anlm,
ξ =
∑
nlm
Anlm(t)ξ
NM
nlm(x), (3.20)
thanks to the completeness of the ξNMnlm. The reality con-
dition ξ∗ = ξ leads to
A∗nlm = (−1)mAnl−m, (3.21)
which follows from the property Y lm∗ = (−1)mY l−m of
the spherical harmonics. Additionally, according to Eq.
(3.4), it holds
ρ1 =
∑
nlm
Anlmρ
NM
nlm, ρ
NM
nlm := −∇ · (ρ0ξNMnlm). (3.22)
Notice that we can separate the angular dependence as
ρNMnlm = ρ
NM
nl (r)Y
lm(Ω), (3.23)
and that the radial part ρNMnl must be a real function.
This property allows the use of the orthogonality proper-
ties of spherical harmonics under angular integration dΩ,
which will become important below.
The normal mode and interaction Lagrangians turn
into
LNM =
∑
nlm
1
2
[
|A˙nlm|2 − ω2nl|Anlm|2
]
, (3.24)
Lint =
∑
nlm
Anlmf
∗
nlm −
∫
d3x ρ0Φext, (3.25)
where the force term is given by
fnlm = −
∫
d3x ρNM ∗nlm (Φext + x · z¨). (3.26)
The discrete amplitudes Anlm now take on the role of dy-
namic variables in place of ξ. Their equations of motion
have the form of a forced harmonic oscillator,
A¨nlm + ω
2
nlAnlm = fnlm, (3.27)
where we used f∗nlm = (−1)mfnl−m after variation of the
action. This amplitude formulation is the starting point
for investigations in Refs. [11, 13, 14, 29]; see also Refs.
[8, 30, 86, 87].
IV. FURTHER DEVELOPMENTS
So far we have used the angular momentum numbers
l and m to characterize the perturbation. Alternatively,
one can transform the spherical harmonics to Cartesian
tensors, specifically STF tensors. This is useful because
the multipoles appearing in the effective action are STF
tensors. We are also going to relate the multipoles and
the amplitudes in this section. A brief account on the
STF formalism is given in Appendix A.
A. STF basis
When written in terms of STF tensors, the expres-
sions above are essentially the same, but the index m is
replaced by STF tensor indices of rank l. This is essen-
tially just a basis change of a vector space: The index
m can take on values between −l and l and thus labels
components of a 2l+ 1-dimensional vector, while the in-
dependent components of a STF rank-l tensor exactly
matches 2l + 1. This is not a coincidence but deeply
rooted in properties of rotation group representations:
STF tensors transform irreducibly under rotations, just
like spherical harmonics.
We denote the basis transformation matrix by Y, such
that it holds
Y 00 = Y00, (4.1)
Y 1m = Y1mk1 nk1 , (4.2)
Y 2m = Y1mk1k2nk1nk2 , (4.3)
...
Y lm = Y lmKl nˆKl , (4.4)
where nk = nk(Ω) is a unit vector. In the last line,
we adopted a multi-index Kl = {k1, k2, . . . , kl} and the
abbreviation
nˆKl = [nk1nk2 . . . nkl ]STF. (4.5)
For instance, nˆij = ninj − δij/3. Because of the use of
Cartesian multipoles in the effective action, it is best to
transform the oscillator amplitudes and force integrals to
the STF basis from now on, which is denoted by a hat,
AˆnKl =
∑
m
AnlmNlY lmKl , (4.6)
fˆnKl =
∑
m
fnlmNlY lmKl , (4.7)
where the normalization factor Nl is defined and ex-
plained in Appendix A.
An immediate consequence is that the acceleration
term in Eq. 3.26) contributes only for l = 1, which is due
to x = rn ∼ Y 1m and the orthogonality of the spherical
harmonics. We are going to analyze the contributions of
Φext in a similar manner now.
B. Multipoles and overlap integrals
The Cartesian mass multipole moments of the pertur-
bation are defined by
QKl =
∫
d3x ρ1r
lnˆKl . (4.8)
It should be emphasized that the multipoles QKl are not
the fundamental dynamical variables of the theory, but
9are composed of the mode amplitudes. This becomes
explicit by making use of Eqs. (3.22) and (3.23) in Eq.
(4.8),
QKl =
∑
nl′m
Anl′m
∫
dr rl+2ρNMnl′ (r)
∫
dΩYl′mnˆ
Kl ,
=
∑
n
InlAˆnKl , (4.9)
where
Inl = Nl
∫
dr rl+2ρNMnl (r). (4.10)
The angular integration is given by Eq. (A17). However,
the result is very plausible. Only modes with angular
momentum number l can contribute to the 2l-pole QKl .
The quantity Inl is better known as the overlap in-
tegral. (We included the factor Nl in contrast to other
publications, see Appendix B.) It describes to which ex-
tend an external field excites the mode. To understand
this, we need to analyze the force terms fˆnlKl defined
by Eq. (4.7). Here, the external field enters through Eq.
(3.26). As the source of Φext is located outside of the star,
we can expand it by a Taylor series around the center z,
Φext = Φext(z) + x
i(∂iΦext)(z)
+
1
2
xixj(∂i∂jΦext)(z) + . . . .
(4.11)
Because of the Laplace equation ∆Φext = 0 valid inside
the star, the traces of the multiple partial derivatives can
be removed. This results in
Φext =
∑
l
1
l!
rlnˆKl(∂KlΦext)(z). (4.12)
It is important that nˆKl is orthogonal to all spherical har-
monics with angular momentum number different from
l.
We insert Eq. (4.12) into the integral in Eq. (3.26) to
arrive at
fˆnlKl = −
Inl
l!
(∂ˆKlΦext)(z), (4.13)
for l 6= 1, where we made heavy use of the formulas
in Appendix A. The hat over ∂Kl again denotes STF
projection. For l = 1 it holds
fˆn1k = −In1[(∂kΦext)(z) + z¨] ≈ 0, (4.14)
where we used the leading-order equation of motion for
z. This means that dipole oscillations are not excited in
binary systems (by linear perturbations).
It should be noted that the theory is invariant under
Anlm → −Anlm and ξNMnlm → −ξNMnlm. This also implies
that ρNMnl → −ρNMnl and consequently Inl → −Inl. There-
fore, we can always make Inl positive, Inl ≥ 0. We as-
sume this to be the case.
V. DERIVATION OF THE EFFECTIVE ACTION
The standard formalism for tidal interactions was cast
into an action approach in the last section. Based on this
result, the effective action can be derived in an elegant
manner. This action will indeed be of the form (2.17),
which was obtained from an effective action in general
relativity by taking the nonrelativistic limit.
A. Multipole expansion
We are going to show that the interaction Lagrangian
can be written in the same form as the effective action
(2.17). For this purpose, we insert Eq. (4.12) into the
interaction Lagrangian (3.15). Because of the spherical
symmetry of ρ0 ∼ Y 00, it is easy to see that
−
∫
d3x ρ0Φext = −mΦext(z), (5.1)
where
m =
∫
d3x ρ0 = const. (5.2)
Furthermore, it holds
−
∫
d3x ρ1Φext = −
∑
l
1
l!
QKl(∂KlΦext)(z), (5.3)
where the QKl are just the usual mass multipoles of the
perturbation (4.8). We assume that
Q =
∫
d3x ρ1 = 0, (5.4)
which implies that the mass of the compact object is
not modified by the perturbation. Further, the terms
from Eq. (3.15) involving the mass dipole Qi combine
to −[(∂iΦext)(z) + z¨i]Qi, which vanishes by virtue of the
leading-order equation of motion for z and is of higher or-
der. That is, this term can be removed at the Lagrangian
level by a redefinition of z, see Ref. [88], which can pro-
duce further terms only at quadratic perturbation order.
The result for the interaction Lagrangian (3.15) is
Lint = −mΦext(z)−
∑
l≥2
1
l!
QKl(∂KlΦext)(z). (5.5)
The applied method of deriving the multipole expansion
was suggested and developed further in Ref. [89] in the
relativistic case. Notice that we have localized the La-
grangian on the center-of-mass position z, which means
that we represent the extended object by a point parti-
cle comprising various multipole moments QKl . By cut-
ting off the multipole summation at some value of l, we
can neglect effects of small-scale structure in a controlled
manner. That is, the summation in Eq. (5.5) is a sum
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over interaction energies and one only needs to include
the terms relevant for the desired accuracy. Here a clear
separation of scales is crucial.
Remember that the multipoles QKl are not the funda-
mental dynamical variables of the theory but are com-
posed of the mode amplitudes; see Eq. (4.9). The most
explicit form of the interaction Lagrangian thus reads
Lint = −mΦext(z)−
∑
n,l≥2
Inl
l!
(∂KlΦext)(z)AˆnKl . (5.6)
From this result, we can also easily obtain fˆnlKl as the
coefficient of AˆnKl , cf. Eq. (4.13). The kinematic terms
for the STF amplitudes AˆnKl simply read
LNM =
∑
nl
1
2
[
(
˙ˆ
AnKl)
2 − ω2nl(AˆnKl)2
]
, (5.7)
which is clear from the unitarity of the transformation to
the STF basis.
B. Effective action
The final step is to construct the effective action ac-
cording to its definition in quantum field theory. That is,
we reintroduce the gravitational field as a dynamical vari-
able through a Legendre transformation using Eq. (3.11).
(This should not be confused with the Wilsonian defini-
tion of the effective action.)
The effective Lagrangian is the Legendre transform
Leff =
∫
d3x ρextΦ + Lfull, (5.8)
where the solution for ρext from Eq. (3.11) must be in-
serted. [The unusual sign in Eq. (5.8) is consistent with
Eq. (3.11).] Recalling Eqs. (3.13), (3.16), and (5.5) and
the abbreviation Φext = 4piG∆
−1ρext, we can evaluate
Eq. (3.11) and solve it for ρext,
ρext =
1
4piG
∆Φ−mδ −
∑
l≥2
(−1)l
l!
QKl∂Klδ, (5.9)
where δ = δ(x − z) and x is the field coordinate in an
inertial frame now. Also notice that the Legendre trans-
formation (5.8) involves the full field Φ, while Eq. (3.16)
comprises the external part only. As an intermediate
step, we notice that
Leff = Lkin + LNM +
1
2
∫
d3x ρext 4piG∆
−1ρext, (5.10)
where LNM is still given by Eq. (3.24) or (5.7). Here, we
still need to insert Eq. (5.9), which produces singular self-
interactions, like δ∆−1δ. These are simply dropped here.
The physical origin of these singularities is the inability
of the multipole expansion to reproduce the gravitational
field inside the body. The situation is completely analo-
gous to the electrostatic energy of a charge distribution in
the point-charge (monopole) limit and discussed in many
textbooks. Ignoring these self-interactions, the result of
the Legendre transformation reads
Leff = LΦ + LNM + LPP, (5.11)
where
LPP =
1
2
mz˙2 −mΦ−
∑
l≥2
1
l!
QKl∂KlΦ, (5.12)
LΦ =
1
8piG
∫
d3xΦ∆Φ. (5.13)
The argument z of the fields was omitted in LPP for sim-
plicity. The general relativistic (covariant) generalization
of LPP is given by Ref. [26, Eq. (20)] to quadrupole order
l = 2, see also Sec. II here, and our generic result (5.12)
can be compared immediately to Ref. [27, Eq. (1)].
It is interesting to interpret the derivation given in the
present section in the context of Wilson’s effective action.
In the standard construction, the field Φ is split into
short-scale (ultraviolet) and long-scale (infrared) parts.
This is best done in spatial Fourier domain k, where the
operator ∆−1 is a local one. Then, the procedure is as
follows:
1. The first step is to integrate out only the ultraviolet
part of Φ.
2. Next, k is rescaled such that the now vacant ultra-
violet regime is repopulated by the infrared contri-
butions. At this point, one has basically zoomed
out and views the system at a larger scale.
3. In a final step, the dynamical variables are renor-
malized in order to recover the original normaliza-
tion of the kinematic terms in the action.
Here, the procedure is different but essentially analogous:
1. The field is first integrated out entirely (not just
the ultraviolet part). This is beneficial for defining
the operator D and subsequent definition of the os-
cillation modes.
2. The subsequent Taylor or multipole expansion
shrinks the object to a point, which projects onto
the infrared scales larger than the size of the ob-
ject (remember that the multipole approximation
breaks down in the interior). This basically zooms
out, but without the need for an explicit rescaling.
3. Finally, in the course of Legendre transformation to
the effective action, divergent terms were dropped.
This corresponds to an implicit renormalization of
the dynamical variables.
The similarities to the standard construction are obvious.
There exists a shortcut to Eq. (5.12), which is char-
acterized as the continuum effective field theory in Ref.
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[72]. It is an intuitive assumption that LPP should be
local. Further, invariance under rotations is even strictly
required. It is also possible to absorb certain terms by
variable redefinitions. Such considerations allow one to
restrict the most generic possible form of LPP consider-
ably. This is how the general relativistic version of Eq.
(5.12) was constructed in Re. [27]; see also Refs. [25, 26].
The idea is then to fix the remaining arbitrariness of the
Lagrangian (here given by the coefficients QKl) through
a matching against the full theory. This approach will be
followed in the next section. It is usually simpler than
an explicit derivation of the effective action, especially for
nonlinear theories like general relativity. In the present
Newtonian case, the advantage is not incredible but still
illustrative.
VI. ANALYTIC MATCHING
In this section, we assume that the generic form of
the effective action was constructed, e.g., from symme-
try arguments. In our case, this leads to Eq. (2.17) at
quadrupole order or Eq. (5.12) to all multipole orders.
The precise arguments are given in Refs. [25–27], even for
the relativistic case, and are not repeated here. However,
in this section, we pretend that we are completely unin-
formed about the fact that the multipoles are composed
of mode amplitudes (4.9) and about the LagrangianLNM
for them. Instead, we establish the connection between
the constructed effective action and the full theory from
Sec. III through a matching procedure. The result will
be the response function introduced in Sec. II C.
A. Matching condition
We are going to fit together the gravitational field Φ
predicted by the effective theory (5.11) to the desired one
of the full theory (3.13). Without loss of generality, we
assume z = 0 from now on. The matching condition can
be formulated as
δLeff
δρext
= −Φ = δLfull
δρext
, (6.1)
which should hold at large scales, i.e., for r ≫ R, where
R is the radius of the compact object.
We first evaluate the left-hand side,
Φeff = 4piG∆−1

ρext +mδ +∑
l≥2
(−1)l
l!
QKl∂Klδ

 ,
(6.2)
which is just the inverse of Eq. (5.9). Using 4pi∆−1δ =
−r−1 and Eq. (A18), we we arrive at to the potential
generated by the multipoles,
Φeff = −Gm
r
−
∑
l≥2
G(2l − 1)!!
l!
QKl
nˆKl
rl+1
+Φext. (6.3)
Remember that we act as if the composition of the QKl ,
Eq. (4.9), and the form of LNM in the effective theory are
unknown to us.
On the other hand, in the full theory, it holds
Φfull = −δLfull
δρext
= 4piG∆−1 [ρ0 + ρ1] + Φext. (6.4)
After writing ∆−1 as an integral operator involving the
usual gravitational Green function, the contributions can
be analyzed for r≫ R ≥ r′ through a standard multipole
expansion. The matching to Eq. (6.3) then implies the
identifications
m =
∫
d3x ρ0, Q
Kl =
∫
d3x ρ1r
lnˆKl , (6.5)
as before. We assume that the dipole vanishes, as it
cannot be excited in binary systems; see Eq. (4.14). In
any case, one can otherwise redefine the center in the full
theory such that the dipole vanishes exactly. Notice that
here the multipoles were defined as formal coefficients in
the effective action, and only the matching related them
to integrals over the mass density of the source.
The conceptual problem here is that the dynamics of
the multipoles is still unknown. Just the coupling be-
tween the multipoles and the gravitational field is fixed
for now. Therefore, we come back to the idea from Sec.
II C to describe the dynamical reaction of the multipoles
to gravitational interaction by a response function; see
Eq. (2.10) for the quadrupole. This is almost trivial in
the present case, but in general relativity the definition
of source multipoles is fully clarified for test bodies only.
The matching in the effective field theory can potentially
generalize this to the self-gravitating case.
B. Response function
The generalization of Eqs. (2.10) and (2.14) to arbi-
trary multipole order reads
Q˜Kl(ω) = − 1
l!
F˜l(ω)F(∂ˆKlΦ)(z, ω), (6.6)
which is suggested by the coupling of the multipoles in
the action (5.12). Remember that F denotes the Fourier
transform. The response function F˜l(ω) is the important
ingredient of the effective theory that we need to obtain
from the matching. Notice that a response function offers
a very generic way to encode the dynamics, which extends
far beyond the specific ”full” theory considered here.
On the other hand, we have seen that the multipoles
in our full theory are composed as Eq. (4.9),
Q˜Kl(ω) =
∑
n
InlFAˆnKl(ω). (6.7)
Now, the amplitudes AˆnKl satisfy a forced harmonic os-
cillator equation (3.27), in the STF basis and Fourier
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domain given by
(−ω2 + ω2nl)FAˆnKl = F fˆnKl = −
Inl
l!
F(∂ˆKlΦext), (6.8)
where we used Eq. (4.13). Combining both equations,
we find the solution for the quadrupole in the frequency
domain,
Q˜Kl = − 1
l!
[∑
n
I2nl
ω2nl − ω2
]
F(∂ˆKlΦext)(z, ω). (6.9)
Next, we match Eqs. (6.6) and (6.9). This can be done
by noting that Φ(z) = Φext(z) if the singular self-field
is dropped (and similarly for partial derivatives). The
analytic result for the response function finally reads
F˜l =
∑
n
I2nl
ω2nl − ω2
. (6.10)
Because of the normalization in Eq. (3.19), one must be
careful when analyzing units. One can check that
[Inl] =
√
MLl−1, [F˜l] = ML
2l, (6.11)
where M is units of mass and L of length. Remember
that we have c = 1. We will show that this response func-
tion can be directly obtained from numerical solutions for
the exterior gravitational field. Interestingly, this gives
an alternative to determine the overlap integrals Inl, Eq.
(4.10), which appear here as the coefficients of the poles
of the response function.
VII. NUMERIC MATCHING
Effective field theories not only allow a matching to a
known full theory but also a matching to experimental
data. In the present, section we explore a matching to
numerical simulations, which may be regarded as numer-
ical experiments. We argue that the method immediately
applies to more complicated scenarios.
A. Numerical setup
In this section, we compute the response of a compact
configuration to time-dependent external excitation nu-
merically. In the Newtonian case, the response should be
“almost trivial,” in the sense that the equation for the
Newtonian potential is linear and not time dependent.
In contrast to this, the concept of a “time-dependent”
relativistic response function is much more involved.
We first discuss the solution of the background equa-
tions (3.1) and (3.2). For the sake of simplicity, we focus
on the particular polytrope
P = kρ2, (7.1)
since in this case, an exact solution is available. The
density profile is given by
ρ0(r) =
ρc
Kr
sinKr, K =
(
2piG
k
) 1
2
, (7.2)
where ρc is the central density.
The two perturbation equations encoded by the La-
grangian from Sec. III A read
ρ0ξ¨ = −ρ0∇
(
− c
2
s
ρ0
∇ · (ρ0ξ) + Φ1 + x · z¨
)
, (7.3)
∆Φ1 = −4piG∇ · (ρ0ξ). (7.4)
As we consider a single compact object fixed at the co-
ordinate origin, it holds z = 0, and we dropped the sub-
script COM. Remember that the fluid velocity perturba-
tion can be expressed in terms of a potential,
ξ˙ = u1 = ∇φ1. (7.5)
Integrating Eq. (7.3) along an arbitrary line, we can con-
clude that
φ˙1 − c
2
s
ρ0
∇ · (ρ0ξ) + Φ1 = const. (7.6)
We can further set the integration constant to zero with-
out loss of generality, since it can be absorbed into φ1.
The next step is to separate time, radial, and angular
dependence. This is achieved using Fourier modes and
spherical harmonics Y lm,
Φ1 =
1
2pi
∫
dω
∑
lm
eiωt
1
2
hlm0 (r, ω)Y
lm, (7.7)
φ1 =
1
2pi
∫
dω
∑
lm
eiωt
i
ω
U lm(r, ω)Y lm. (7.8)
The prefactors are chosen to allow an easy comparison
to the relativistic generalization [24]. The subscript on
h0 does not denote the perturbation order but the com-
ponent of the metric. We drop the indices l, m and the
arguments of h0 and U from now on. The perturbation
equations are then
h′′0 +
2h′0
r
+ h0
[
4piGρ0
c2s
− l(l + 1)
r2
]
=
8piGρ0
c2s
U, (7.9)
U ′′ + U ′
[
2
r
+
ρ′0
ρ0
]
+ U
[
ω2
c2s
− l(l+ 1)
r2
]
=
ω2
2c2s
h0.
(7.10)
Here, Eq. (7.9) arises from Eq. (7.4) with the right-hand
side replaced using Eq. (7.6), while Eq. (7.10) directly
derives from Eq. (7.6). After choosing boundary condi-
tions at r = 0, r = R, and r = ∞, these equations can
be readily integrated numerically.
Regularity at the origin imposes the boundary condi-
tions
h0 ∝ rl +O(rl+1), U ∝ rl +O(rl+1), (7.11)
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for the perturbation fields. Regularity at the surface of
the star imposes
2U(R)− h0(R) + 2Gm
R2ω2
U ′(R) = 0. (7.12)
We have given three boundary conditions. The remain-
ing arbitrariness of the solution is just its overall normal-
ization, which has no physical significance here (due to
linearity of the perturbation equations). It follows that
we have enough boundary conditions to uniquely solve
the problem numerically. No further conditions need to
be imposed at r =∞.
B. Matching the exterior field
We have derived in Eq. (6.3) the generic gravitational
field predicted by the effective theory. This field should
of course match the numerically obtained exterior field
of the neutron star. For simplicity, we consider specific
values of l ≥ 2 and m, as the numeric integration de-
composes into such sectors. Inserting Eq. (4.12) into Eq.
(6.3), we then obtain for the field perturbation
Φeff1 =
nˆKl
l!
[−r−l−1GQKl(2l − 1)!! + rl(∂KlΦext)(z)] .
(7.13)
Translated to the function h0 by Eq. (7.7) and inserting
the definition of the response (6.6), this reads
heff0 = Clm
[
r−l−1
G(2l − 1)!!
l!
F˜l(ω) + r
l
]
, (7.14)
where Clm is an overall normalization factor that can be
related to the magnitude of the external field. The ex-
plicit expression reads Clm =
2N2
l
l!
Y lm∗Kl F(∂ˆKlΦext)(z, ω),
where Eq. (A7) was used. We dropped the summation
over m, as we focus on a specific value. Remember that
only the external field part contributes to Eq. (6.6), as
the other part leads to singularities, which are dropped.
As the analytic result (7.14) represents a generic vac-
uum solution, it is clear that the exterior part of the
numeric solution can be written as
hnumeric0 = C
[
al
(
Gm
r
)l+1
+
( r
Gm
)l]
for r > R.
(7.15)
In other words, al is proportional to the ratio of the reg-
ular and irregular parts of the potential as r → ∞. The
part of h0 diverging for large r is coming from the ex-
ternal gravitational field, whereas the part approaching
zero is due to the multipole of the object. Notice that
al is dimensionless, and its definition corresponds to the
one in Ref. [4] in the relativistic case, except that here
it is a function of ω. The numeric construction from the
last section leads to a unique numeric value for al.
Matching the effective potential (7.14) to the exterior
numerics (7.15) results in
F˜l(ω) =
(Gm)2l+1l!
G(2l − 1)!! al(ω). (7.16)
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FIG. 1. Quadrupolar l = 2 response function for a star with
R = 8.89 km, m = 1.2M⊙, and polytropic index 1 obtained
numerically. The dots are just some selected data points.
Many more were used for the fit, with higher density around
the poles.
Mode f p1 p2
νnl [kHz] 2.95 8.3 13.0
ωnlR/2pi 0.0873 0.25 0.385
qnl 0.32 0.016 0.002
TABLE I. Frequencies νnl = ωnl/2pi and overlap integrals for
a star with R = 8.89 km, m = 1.2M⊙, and polytropic index 1
obtained from fitting the response function of the quadrupole,
l = 2.
Comparing with Ref. [4, Eq. (48)] we see that F˜l =
l!µl+O(ω), where µl is related to the dimensionless Love
number of the second kind kl by Ref. [4, Eq. (47)].
C. Numerical results
We integrated the system of equations (7.9) and (7.10)
with suitable boundary conditions for a typical mass and
radius of a neutron star. More specifically, we chose pa-
rameters such that the radius is R ≈ 8.89 km and the
mass is m ≈ 1.2M⊙. We considered the quadrupolar
case l = 2 here.
The result is summarized in Fig. 1, where three poles
can distinctly be seen. Notice that we formed dimen-
sionless quantities using the size of the object, which is
most natural for effective field theories due to scaling ar-
guments [77]. Figure 1 further suggests that the response
function is given by the superposition of response func-
tions for harmonic oscillators,
GF˜l
R5
=
∑
n
q2nl
R2(ω2nl − ω2)
, (7.17)
which we know must hold exactly from our analytic re-
sult (6.10). The dimensionless overlap integrals qnl are
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related to the Inl through
q2nl =
G
R3
I2nl. (7.18)
In contrast to this definition, other publications often de-
fine dimensionless overlap integrals based on the central
density of the star, while our convention is adapted to the
Love number kl. We fitted our numerical results using
the first three terms of Eq. (7.17) and found the first fre-
quencies of the normal modes (f , p1, and p2-modes) and
the associated overlap integrals; see Table I. Remember
that Inl ≥ 0, and we also assume qnl ≥ 0.
The numerical matching described here is not only a
useful alternative to obtain mode frequencies and overlap
integrals. The method is applicable in more complicated
situations, too, even for full-fledged 3-dimensional sim-
ulations. This is possible as no presuppositions on the
response function are made. Instead, it always comes
out as a numeric function, whether one can find a good
and interpretable fit or not. The exterior potential is al-
ways the linear combination (7.15) (though sectors with
different l do not decouple in general).
VIII. CONCLUSIONS AND OUTLOOK
In this paper, we considered astrophysically rele-
vant perturbations of compact objects in the Newtonian
framework. We showed that the effective field theoretical
approach available in the relativistic case applies natu-
rally in the nonrelativistic case, too. This was expected,
since Newtonian gravitation comes out of general rela-
tivity in the appropriate limit. However, we see here ex-
plicitly the connection between an effective description in
one case and an exact rewriting at the level of the action
in the other case.
Following the effective field theory approach, we
showed how to describe a generic compact body deformed
in a time-dependent way by a point particle with multi-
polar degrees of freedom. We argued that the numeric
matching can in principle be applied to arbitrary com-
plicated structured objects. The method allows a sys-
tematic way to understand the impact of the internal
structure on the dynamics of a binary system. This is
due to the fact that the effective theory is matched to
a single object first, which allows one to model a sin-
gle object (e.g., by mechanical models like oscillators) as
a building block before proceeding to the binary case.
The potentials of a binary system can then be char-
acterized as monopole-monopole, monopole-quadrupole
(2.19), quadrupole-quadrupole interactions, and so forth
and so on. This method has interesting analogies to
thermodynamics, where systems are characterized on a
macroscopic level by state functions. Indeed, multipoles
encode the macroscopic gravitational interaction of com-
pact objects. Predictions require the knowledge of corre-
lation functions between state variables, which is analo-
gous to the response functions here.
The effective description is explicit once we compare
the Newton potential of the actual compact object with
the potential of a multipole alone. Actually, this match-
ing procedure further provides a prescription to compute
the response of a compact source to an external pertur-
bation. The perturbation comes as a regular part in the
Newtonian potential, while the backreaction of the cen-
tral object is irregular at the origin of the object. From
a mathematical perspective, the irregular solution to the
Poisson equation is sourced by a delta distribution lo-
cated at the center. This is precisely interpreted as be-
ing the potential generated by the source multipole we
are considering. The (properly normalized) ratio of the
regular and irregular contributions is then understood as
the response of the object to the external perturbation.
The response function encodes the tidal coefficients of the
central object, which come out as coefficients of a Taylor
series in frequency.
Furthermore, our formalism gives a straightforward
way to compute the normal modes of compact objects in
Newtonian gravity. Indeed, only regularity conditions at
the origin and at the surface of the star are required. The
generic solution should then be continuously connected
to the regular and irregular solution of the source-free
Poisson equation (Laplace equation) in order to extract
the response function. The poles of the response function
are then precisely the normal modes of the compact ob-
ject, while the overlap integrals are related to the width
of the poles and can be obtained from a simple fit.
One obvious extension of the present work is to gen-
eralize the problem to the relativistic case. This will be
presented in another publication [24] and is based on the
numerical matching method. The results are essentially
the same, in the sense that in the end, the response func-
tion turns out to be related to the ratio of external-field
and quadrupole-reaction solutions to the source-free per-
turbation equation. However, the problem is much more
difficult to attack since in this case, the equation itself ad-
mits singular points, the solution is expressed as a series
of special functions, and the singular effective source has
to be regularized with a suitable renormalization scheme.
The Newtonian case is then very enlightening since it is
much easier and not plagued by the same amount of tech-
nical difficulties. For instance, the Hermitian operator D
gives rise to a complete system of modes. No general
relativistic analog is known to us.
Finally, it should be noted that also in the relativistic
case, the fit for the response is to a good approximation a
sum of harmonic oscillators (7.17), at least for the simple
neutron star model considered in Ref. [24]. This implies
that the quadrupole can be written as a sum of oscillator
amplitudes (4.9) in the relativistic case, with the internal
dynamics given by Eq. (3.24).
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Appendix A: STF formalism
In this appendix, we summarize some relations for STF
tensors. Reviews of the STF-tensor formalism and the
relation to spherical harmonics can be found in Sec. II of
Ref. [90], Appendix A of Re. [91], and Sec. II of Ref. [92].
1. Basic relations
With the help of a multi-index Kl = {k1, k2, . . . , kl},
we introduce the notation
nKl = nk1nk2 . . . nkl , (A1)
nˆKl = [nk1nk2 . . . nkl ]STF. (A2)
The orthogonality property [90, Eq. (2.5)] can be written
in the convenient form∫
dΩ nˆJl′ nˆKl = N2l δl′lδˆ
Jl
Kl , N
2
l =
4pil!
(2l + 1)!!
, (A3)
where δˆJlKl is the STF projector, i.e.,
[BKl ]STF = δˆKlJlB
Jl , (A4)
for an arbitrary BKl . Using the normalization∫
dΩY lmY l
′m′∗ = δmm′δll′ , (A5)
the scalar spherical harmonics can be expressed as
Y lm = Y lmKl nˆKl , (A6)
where Y lmKl is given by [90, Eq. (2.12)]. A bijection be-
tween the STF-l tensor basis and m-basis is provided
through [90, Eq. (2.13)] by virtue of Y lmKl , e.g., we can
invert Eq. (A6) as
nˆKl =
∑
m
N2l Y lm∗Kl Y lm. (A7)
From Eq. (A3), it follows that
N2l Y lm
′∗
Kl
Y lmKl = δm′m, (A8)
N2l
∑
m
Y lm∗Jl Y lmKl = δˆJlKl . (A9)
We then define the transformation between STF com-
ponents and lm components by
BˆKl =
∑
m
NlY lmKlBlm, Blm = NlY lm∗Kl BˆKl . (A10)
Components in the STF basis are often denoted by a hat.
Sometimes this notation is also used for STF projection,
but this is always clear from the context.
2. Normal modes in STF basis
We now transform ξNMnlm and Anlm, reading
ξˆNMnlKl(x) =
∑
m
NlY lm∗Kl ξNMnlm(x), (A11)
AˆnlKl(t) =
∑
m
NlY lmKlAnlm(t). (A12)
Notice that the complex conjugation in the first equation
is due to the fact that ξNMnlm gives a basis, while Anlm are
components. This allows us to write
ξ =
∑
nlm
Anlm(t)ξ
NM
nlm(x), (A13)
=
∑
nl
AˆnlKl(t)ξˆ
NM
nlKl
(x), (A14)
Notice that ξˆNMnlKl is real, while ξ
NM
nlm and Y lmKl are com-
plex. It holds
DξˆNMnlKl = ω2nlξˆNMnlKl , (A15)
where we used that Y lmKl provides a bijection between the
STF-l tensors basis andm-basis. The ξˆNMnlKl are orthonor-
mal, ∫
d3x ρ0ξˆ
NM
n′l′J
l′
· ξˆNMnlKl = δn′nδl′lδˆJlKl . (A16)
This follows from Eq. (3.19) and the properties of Y lmKl
listed above.
3. Useful formulas
Using above formulas, the angular integration in Eq.
(4.9) immediately follows as∫
dΩYl′mnˆ
Kl = Y l′mJ
l′
∫
dΩ nˆJl′ nˆKl = δl′lN
2
l Y lmKl .
(A17)
Another useful relation is [91, Eq. (A 34)],
∂Kl
1
r
= (−1)l (2l − 1)!!
rl+1
nˆKl . (A18)
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Appendix B: Overlap in terms of displacement
The angular dependence of the displacement vector can
be separated as
ξ
NM
nlm = ξ
R
nl(r)Y
R,lm(Ω) + ξEnl(r)Y
E,lm(Ω)
+ ξBnl(r)Y
B,lm(Ω). (B1)
The three parts correspond to radial (R), electric-type
(E), and magnetic-type (B) modes with corresponding
orthogonal (but un-normalized) vector spherical harmon-
ics,
Y
E,lm(Ω) = r∇Y lm(Ω), (B2)
Y
B,lm(Ω) = n×YE,lm(Ω), (B3)
Y
R,lm(Ω) = nY lm(Ω). (B4)
Notice that the radial functions are independent of m.
As ξ can be related to a scalar potential (7.5), we must
have ξBnl = 0. From Eqs. (3.22) and (3.23), we then obtain
ρNMnl = −
1
r2
d(r2ρ0ξ
R
nl)
dr
+
1
r
ρ0l(l+ 1)ξ
E
nl. (B5)
Our convention for the overlap integrals (4.10) now read
Inl = Nll
∫
dr rl+1ρ0
[
ξRnl + (l + 1)ξ
E
nl
]
. (B6)
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